Abstract. We examine the NFA minimization problem in terms of atomic NFA's, that is, NFA's in which the right language of every state is a union of atoms, where the atoms of a regular language are non-empty intersections of complemented and uncomplemented left quotients of the language. We characterize all reduced atomic NFA's of a given language, that is, those NFA's that have no equivalent states. Using atomic NFA's, we formalize Sengoku's approach to NFA minimization and prove that his method fails to find all minimal NFA's. We also formulate the KamedaWeiner NFA minimization in terms of quotients and atoms.
Introduction
Nondeterministic finite automata (NFA's) have played a major role in the theory of finite automata and regular expressions and their applications ever since their introduction in 1959 by Rabin and Scott [10] . In particular, the intriguing problem of finding NFA's with the minimal number of states has received much attention. The problem was first stated by Ott and Feinstein [8] in 1961. Various approaches have then been used over the years in attempts to answer this question; we mention a few examples here. In 1970, Kameda and Weiner [6] studied this problem using matrices related to the states of the minimal deterministic finite automata (DFA's) for a given language and its reverse. In 1992, Arnold, Dicky, and Nivat [1] used a "canonical" NFA. In the same year, Sengoku [11] used "normal" NFA's and "standard formed" NFA's. In 1995, Matz and Potthoff [7] returned to the "canonical" automaton and introduced the "fundamental" automaton. In 2003, Ilie and Yu [5] applied equivalence relations. In 2005, Polák [9] used the "universal" automaton.
Our approach is to use the recently introduced atoms and atomic languages [3] for this question; we briefly state some of their basic properties here.
The (left) quotient of a regular language L over an alphabet Σ by a word w ∈ Σ * is the language w −1 L = {x ∈ Σ * | wx ∈ L}. It is well known that the number of states in the complete minimal deterministic finite automaton recognizing L is precisely the number of distinct quotients of L. Also, L is its own quotient by the empty word ε, that is ε −1 L = L. A quotient DFA is a DFA uniquely determined by a regular language; its states correspond to left quotients. The quotient DFA is isomorphic to the minimal DFA.
An atom 3 of a regular language L with quotients K 0 , . . . , K n−1 is any nonempty language of the form K 0 ∩· · ·∩ K n−1 , where K i is either K i or K i , and K i is the complement of K i with respect to Σ * . If the intersection with all quotients complemented is non-empty, then it constitutes the negative atom; all the other atoms are positive. Let the number of atoms be m, and let the number of positive atoms be p. Thus, if the negative atom is present, p = m − 1; otherwise, p = m.
So atoms of L are regular languages uniquely determined by L. They are pairwise disjoint and define a partition of Σ * . Every quotient of L (including L itself) is a union of atoms, and every quotient of an atom is a union of atoms. Thus the atoms of a regular language are its basic building blocks. Also, L defines the same atoms as L. Theátomaton is an NFA uniquely determined by a regular language; its states correspond to atoms. An NFA is atomic if the right language of every state is a union of atoms.
Our contributions are as follows:
1. We characterize all trim reduced atomic NFA's of a given language, where an NFA is reduced if it has no equivalent states. 2. We show that, if n 0 is the minimal number of states of any NFA of a language, then the language may have trim reduced atomic NFA's with as few as n 0 states, and as many as 2 p − 1 states. 3. We demonstrate that the number of atomic minimal NFA's can be as low as 1, or very high. For example, the language Σ * abΣ * with 3 quotients has 281 atomic minimal NFA's, and additional non-atomic ones. 4. We formalize the work of Sengoku [11] in our framework. He had no concept of atoms, but used an NFA equivalent to theátomaton and NFA's equivalent to atomic NFA's. Our use of atoms significantly clarifies Sengoku's method. 5. We prove that Sengoku's claim that an NFA can be made atomic by adding transitions and without changing the number of states is false. We show that there exist languages for which the minimal NFA's are all non-atomic. So Sengoku's claim that his method can always find a minimal NFA is also incorrect. 6. We formulate the Kameda-Weiner NFA minimization method [6] in terms of quotients and atoms.
In Section 2 we recall some properties of automata andátomata. Atomic NFA's are then presented in Section 3. Sengoku's method is studied in Section 4, and the Kameda-Weiner method, in Section 5. Section 6 concludes the paper.
Automata andÁtomata of Regular Languages
A nondeterministic finite automaton (NFA) is a quintuple N = (Q, Σ, η, I, F ), where Q is a finite, non-empty set of states, Σ is a finite non-empty alphabet,
Q is the transition function, I ⊆ Q is the set of initial states, and F ⊆ Q is the set of final states. As usual, we extend the transition function to functions η ′ : Q × Σ * → 2 Q , and η ′′ : 2 Q × Σ * → 2 Q , but use η for all three. The language accepted by an NFA N is L(N) = {w ∈ Σ * | η(I, w) ∩ F = ∅}. Two NFA's are equivalent if they accept the same language. The right language of a state q is L q,
A state is empty if its right language is empty. Two states are equivalent if their right languages are equal. An NFA is reduced if it has no equivalent states. The left language of a state q is L I,q = {w ∈ Σ * | q ∈ η(I, w)}. A state is unreachable if its left language is empty. An NFA is trim if it has no empty or unreachable states. An NFA is minimal if it has the minimal number of states among all the equivalent NFA's. A deterministic finite automaton (DFA) is a quintuple D = (Q, Σ, δ, q 0 , F ), where Q, Σ, and F are as in an NFA, δ : Q × Σ → Q is the transition function, and q 0 is the initial state.
We use the following operations on automata: 1. The determinization operation D applied to an NFA N yields a DFA N D obtained by the subset construction, where only subsets reachable from the initial subset of N D are used, and the empty subset, if present, is included. 2. The reversal operation R applied to NFA N yields an NFA N R , where the sets of initial and final states are interchanged and all transitions are reversed.
3. The trimming operation T applied to an NFA deletes all unreachable and empty states.
The following theorem is from [2] , and was also discussed in [3] :
Let L be any non-empty regular language, and let its set of quotients be K = {K 0 , . . . , K n−1 }. One of the quotients of L is L itself; this is called the initial quotient and is denoted by K in . A quotient is final if it contains the empty word ε. The set of final quotients is F = {K i | ε ∈ K i }.
In the following definition we use a 1-1 correspondence K i ↔ K i between quotients K i of a language L and the states K i of the quotient DFA D defined below. We refer to the K i as quotient symbols.
In a quotient DFA the right language of K i is K i , and its left language is
It follows from the definition of an atom, that a regular language L has at most 2 n atoms. An atom is initial if it has L (rather than L) as a term; it is final if it contains ε. Since L is non-empty, it has at least one quotient containing ε. Hence it has exactly one final atom, the atom K 0 ∩ · · · ∩ K n−1 , where
. . , A m−1 } be the set of atoms of L. By convention, I is the set of initial atoms, A p−1 is the final atom and the negative atom, if present, is A m−1 . The negative atom is not reachable from I and can never be final, since there must be at least one final quotient in its intersection.
As above, we use a 1-1 correspondence A i ↔ A i between atoms A i of a language L and the states A i of the NFA A defined below. We refer to the A i as atom symbols.
Definition 2. Theátomaton of L is the NFA
In theátomaton, the right language of any state A i is the atom A i . The results from [3] and our definition of atoms in [4] imply that A R is a minimal DFA that accepts L R . It follows from Theorem 1 that A R is isomorphic to D RD . The following result from [4] makes this isomorphism precise:
Theorem 2 (Isomorphism). Let S be the collection of all subsets of the set K of quotient symbols. Let ϕ : A → S be the mapping assigning to state A j , corresponding to
Corollary 1. The mapping ϕ is an NFA isomorphism between A and D RDR .
Atomic NFA's
A new class of NFA's was defined in [3] as follows:
is a union of some positive atoms of L(N).
The following theorem, slightly restated, was proved in [3] : Table 1 . Na. Table 2 . Table 3 . Nc.
Theorem 3 (Atomicity). A trim NFA N is atomic if and only if N
RD is minimal.
This theorem allows us to test whether an NFA N accepting a language L is atomic. To do this, reverse N and apply the subset construction. Then N is atomic if and only if N RD is isomorphic to the minimal DFA of L R . All three possibilities for the atomic nature of N and N R exist: NFA N a of Table 1 and its reverse are not atomic. NFA N b of Table 2 is atomic, but its reverse is not. NFA N c of Table 3 and its reverse are both atomic. Note that all three of these NFA's are equivalent, and they accept Σ * abΣ * . If we allow equivalent states, there is an infinite number of atomic NFA's, but their behaviours are not distinct; hence we consider only reduced NFA's. Suppose B = (B, Σ, β, B I , B F ) is any trim reduced atomic NFA accepting L. Since B is atomic, the right language of any state in B is a union of positive atoms of L; hence the states of B can be represented by sets of positive atom symbols. Because B is trim, it does not have a state with the empty set of atom symbols. Since B is reduced, no set of atom symbols appears twice. Thus the state set B is a collection of non-empty sets of positive atom symbols. 
Theorem 4 (Legality). Suppose L is a regular language, itsátomaton is
Before proving the theorem, we require the following lemma:
Proof. For w = ε, we have S(β(B i , ε)) = S(B i ) = B i , and α(B i , ε) = B i ; so the claim holds for this case. Assume that S(β(B i , w)) = α(B i , w) for all B i ∈ B and all w ∈ Σ * with length less than or equal to l 0. We prove that S(β(B i , wa)) = α(B i , wa) for β(B i , w) ), a). By the inductive assumption, we get α(S (β(B i , w) ), a) = α(α(B i , w), a) = α(B i , wa), which proves our claim.
⊓ ⊔
Proof of Theorem 4
Proof. First we prove that any NFA B satisfying Conditions 1-3 is an atomic NFA of L. Let B i ∈ B be a state of B. If w ∈ L Bi,BF (B), then by Condition 3, there exists B j ∈ β(B i , w) such that A p−1 ∈ B j , and we have
Consequently, every word accepted in B from state B i is in some atom A k such that A k ∈ B i , and every word in an atom
. Therefore the right language of B i in B is equal to the union of atoms
is the union of atoms whose atom symbols appear in the initial collection of B which, by Condition 1, is the same as the union of atoms whose atom symbols are initial in A. But that last union is precisely L AI ,{Ap−1} (A) = L. Since any two sets B i and B j are different, and atoms are disjoint, B is reduced. Hence B is a reduced atomic NFA of L. Conversely, we show that if B is a reduced atomic NFA of L, then it must satisfy Conditions 1-3. So in the following we assume that B is atomic, that is, for every state B i of B, the right language of B i is equal to the union of atoms
First, we show that Condition 1 holds. Let A j ∈ S(B I ). Then there is a state (B i , a) ).
To show that Condition 3 holds, we first suppose that B i ∈ B F . Then ε is in the right language of B i . Since B is atomic, ε must be in one of the atoms of B i . However, the only atom containing ε is A p−1 , so A p−1 ∈ B i . Conversely, if A p−1 ∈ B i , then ε is in the right language of B i , and B i is a final state by definition of an NFA.
⊓ ⊔ Example 1. Consider the trimátomaton A T of Table 4 and the atomic NFA B of Table 5 . Here B = {B 0 , B 1 , B 2 }, where B 0 = {A 0 , A 1 }, B 1 = {A 2 }, and B 2 = {A 0 , A 2 }. The initial collection is B I = {B 0 } = {{A 0 , A 1 }}, and the Table 4 .Átomaton A T . Table 5 . Atomic NFA B.
One verifies that all the conditions of Theorem 4 hold, and NFA's A T and B are equivalent.
The number of trim reduced atomic NFA's can be very large. There can be such NFA's with as many as 2 p − 1 non-empty states, since there are that many non-empty sets of positive atoms. However, in a general case, not all sets of positive atom symbols can be states of an atomic NFA. The largest reduced atomic NFA is characterized in the following theorem. Proof. Let B = (B, Σ, β, B I , B F ) be an NFA in which the state set B is the collection of all sets B i such that B i is a non-empty subset of the set of atom symbols {A h | A h ⊆ K j } of any quotient K j of L, where j ∈ {0, . . . , n − 1}, β(B i , a) = {B j | B j ⊆ α(B i , a)} for every B i ∈ B and a ∈ Σ, B i ∈ B I if and only if B i is a subset of the set of atom symbols of the initial quotient K in , and B i ∈ B F if and only if A p−1 ∈ B i . We claim that B is a trim reduced atomic NFA of L.
First, we show that B is trim. Let us consider any state B i of B. Let K j be a quotient such that B i is a subset of the set of atom symbols of K j , and let B j be the set of atom symbols corresponding to K j . Let B 0 be the set of atom symbols corresponding to the initial quotient K in of L. Note that B 0 = A I . Since every set of atom symbols corresponding to some quotient is reachable from the initial set of atom symbols in theátomaton A, there must be a word w ∈ Σ * , such that B j is reachable from B 0 by w in A. We show that B i is reachable from some initial state of B by w. If w = ε, then K j = K in , and since B i ⊆ B j , it follows that B i is an initial state of B reachable from itself by ε. If w = ua for some u ∈ Σ * and a ∈ Σ, then there is a state B u of B, reachable from B 0 by u, such that B u corresponds to the quotient u −1 L of L and B j = α(B u , a). Since B i ⊆ B j and B j = α(B u , a), by the definition of β we have B i ∈ β(B u , a). Thus, B i is reachable from B 0 in B by ua.
We also have to show that there is a word w ∈ Σ * , such that some final state of B is reachable from B i by w. If B i is final, then it is reachable from itself by w = ε. If B i is not final, then let us consider any A k ∈ B i . Since the right language of the state A k in theátomaton A is not empty, and A k cannot be the final state of A, there must be some state A l of A and some a ∈ Σ, such that A l ∈ α(A k , a). Now we know that there is some B j such that A l ∈ B j and α(B i , a) = B j . Since β(B i , a) is the collection of all non-empty subsets of B j , it follows that {A l } ∈ β(B i , a). Since the final state A p−1 of A is reachable from A l by any word v ∈ A l , we get {A p−1 } ∈ β(B i , av) by the definition of β. So a final state {A p−1 } of B is reachable from B i by av. Thus, B is trim.
To see that B is a reduced atomic NFA, one verifies that Conditions 1-3 of Theorem 4 hold. Thus by Theorem 4, B is a trim reduced atomic NFA of L. ⊓ ⊔ 
Proof. Let B = (B, Σ, β, B I , B F ) be a trim reduced atomic NFA of L with 2 p − 1 states. Then there must be a state B i of B such that B i = {A 0 , . . . , A p−1 }. Since the right language of any state of a trim NFA is a subset of some quotient, we have
On the other hand, K i must be a union of some positive atoms, so we get
Conversely, let K i = A 0 ∪ · · · ∪ A p−1 be a quotient of L which includes all the positive atoms of L. Then by Theorem 5, there is a trim reduced atomic NFA of L in which the state set is the collection of all non-empty subsets of the set of positive atom symbols. This NFA has 2 p − 1 states.
⊓ ⊔
The construction of reduced atomic NFA's is illustrated in the following example. To simplify the notation, we do not use atom symbols in examples.
Example 2.
Consider the minimal DFA D taken from [6] and shown in Table 6 . It accepts the language L = Σ * (b∪aa)∪a, and its quotients are
and the isomorphic trimátomaton A T with states renamed are shown in Tables 7  and 8 . The positive atoms are A = Σ * (b∪aa), B = a and C = ε, and K 0 = A∪B, K 1 = A ∪ B ∪ C, and K 2 = A ∪ C.
Since the set {A, B} of initial atoms does not contain all positive atoms, no 1-state NFA exists.
1. For the initial state we could pick one state {A, B} with two atoms. From there, theátomaton reaches {A, B, C} under a, and {A, C} under b.
(a) If we pick {A, C} as the second state, we can cover {A, B, C} by {A, B} and {A, C}, as in Table 9 . Here the minimal atomic NFA is unique. Table 6 . D. Table 7 . Table 12 . This is a largest possible reduced solution.
The number of minimal atomic NFA's can also be very large.
Example 3. Let Σ = {a, b} and consider the language L = Σ * aΣ
The quotient DFA of L is shown in Table 13 , and itsátomaton, in Tables 14 and 15 (where the atoms have been relabelled). The atoms are A = L, B = b * ba * and C = a * , and there is no negative atom. Thus the quotients are
We find all the minimal atomic NFA's of L. Obviously, there is no 1-state solution. The states of any atomic NFA are sets of atoms, and there are seven non-empty sets of atoms to choose from. Since there is only one initial atom, there is no choice: we must take {A}. For the transition (A, a, {A, B}), we can add {B} or {A, B}. If there are only two states, atom {C} cannot be reached. So there is no 2-state atomic NFA. The results for 3-state atomic NFA's are summarized in Proposition 1.
Proposition 1. The language Σ
* abΣ * has 281 minimal atomic NFA's. Table 16 . NFA N2.
Proof. We concentrate on 3-state solutions. We drop the curly brackets and commas and represent sets of atoms by words. Thus {A, AB, BC} stands for {{A}, {A, B}, {B, C}}. State A is the only initial state and so it must be included. To implement the transition (A, a, {A, B}) from A, either B or AB must be chosen. 
As well, L has 3-state non-atomic NFA's. The determinized version of NFA N 10 of Table 18 is not minimal. By Theorem 3, N R 10 is not atomic. But L R = Σ * baΣ * ; hence we obtain a non-atomic 3-state NFA for L by reversing N 10 and interchanging a and b. That NFA with renamed states is shown in Table 22 .
The right languages of the states of N 282 are:
is not a union of atoms. Six more non-atomic NFA's can be derived from NFA's between N 10 and N 25 .
⊓ ⊔ This is a rather large number of NFA's for a language with 3 quotients.
One can verify that there is no NFA with fewer than 3 states which accepts the language L = Σ * abΣ * . This implies that every minimal atomic NFA of L is also a minimal NFA of L. However, this is not the case with all regular languages, as we will see in the next section.
Sengoku's NFA Minimization Method
Sengoku had no concept of atom, but he came very close to discovering it. For a language accepted by a minimal DFA D, the normal NFA [11] (p. 18) is isomorphic to D RDRT , and hence to the trimátomaton, by our Corollary 1. Moreover, he defines an NFA N to be in standard form [11] This claim amounts to stating that any NFA can be transformed to an equivalent atomic NFA by adding some transitions. Unfortunately, the claim is false: Theorem 7. There exists a language for which no minimal NFA is atomic.
Proof. This example is from [7] . A quotient DFA D, the NFA D RDR , and its isomorphicátomaton A with relabelled states are in Tables 23-25 , respectively (there is no negative atom). We now drop the curly brackets and commas in tables, and represent sets of atoms by words. A minimal NFA N min of this language, having four states, is shown in Table 26 ; it is not atomic and it is not unique. We try to construct a 4-state atomic NFA N atom equivalent to D. 
First, we note that quotients corresponding to the states of D can be expressed as sets of atoms as follows:
One can verify that these are the states of the determinized version of theátomaton, which is isomorphic to the original DFA D. Now, every state of N atom must be a subset of a set of atoms of some quotient, and all these sets of atoms of quotients must be covered by the states of N atom . We note that quotients {B, D, F }, {C, E, F }, and {D, E, F } do not contain any other quotients as subsets, while all the other quotients do. It is easy to see that there is no combination of three or fewer sets of atoms, other than these three sets, that can cover these quotients. So we have to use these sets as states of N atom . We also need at least one set containing the atom A. If we use only one set of atoms with A, that set has to be a subset of every quotient having A. So it must be a subset of {A, E, F }. If we use {A} as a state, then by the transition table of theátomaton, there must be at least one more state to cover {A, B}. Similarly, if we use {A, E}, then we must have another state to cover {A, B, D}. If we use {A, F }, then we must have a state to cover {A, B, E, F }. And if we use {A, E, F }, then we must have a state to cover {E, F }. We conclude that a smallest atomic NFA has at least five states. There is a five-state atomic NFA, as shown in Table 27 . It is not unique.
Since there does not exist a four-state atomic NFA equivalent to the DFA D, it is not possible to convert the non-atomic minimal NFA N min to an atomic NFA by adding transitions.
⊓ ⊔ In summary, Sengoku's method cannot find the minimal NFA's in all cases. However, it is able to find all atomic minimal NFA's. His minimization algorithm proceeds by "merging some states of the normal nondeterministic automaton." This is similar to our search for subsets of atoms that satisfy Theorem 4.
The Kameda-Weiner Minimization Method
We present a short and modified outline of the properties of the Kameda-Weiner NFA minimization method [6] using mostly our terminology and notation. They consider a trim minimal DFA D = (Q, Σ, δ, q 0 , F ) with Q of cardinality n, and its reversed determinized and trim version D RDT ; the set of states of D RDT is a subset S of cardinality p of 2 Q \ ∅. They then form an n × p matrix T where the rows correspond to non-empty states q i ∈ Q of D, which is the trim minimal DFA of a language L, and columns, to states S j ∈ S of D RDT , which is the trim minimal DFA of the language L R by Theorem 1. The entry t i,j of the matrix T is 1 if q i ∈ S j , and 0 otherwise.
We use D RDRT , the trimátomaton, instead of D RDT , since the state sets of these two automata are identical. Interpret the rows of the matrix as non-empty quotients of L and columns, as positive atoms of L. Then t i,j = 1 if and only if quotient K i contains atom A j , and it is clear that every regular language defines a unique such matrix, which we will refer to as the quotient-atom matrix.
The ordered pair (K i , A j ) with K i ∈ K and A i ∈ A is a point of T if t i,j = 1. A grid g of T is the direct product g = P × R of a set P of quotients with a set R of atoms. If g = P × R and g ′ = P ′ × R ′ are two grids of T , then g ⊆ g ′ if and only if P ⊆ P ′ and R ⊆ R ′ . Thus ⊆ is a partial order on the set of all grids of T , and a grid is maximal if it is not contained in any other grid. A cover C of T is a set C = {g 0 , . . . , g k−1 } of grids, such that every point (K i , A j ) belongs to some grid g i in C. A minimal cover has the minimal number of grids.
Let f : K → 2 C \ ∅ be the function that assigns to quotient K i ∈ K the set of grids g = P × R such that K i ∈ P . The NFA constructed by the Kameda-Weiner method is N C = (C, Σ, η C , C I , C F ), where C is a cover consisting of maximal grids, C I = f (K in ) is the set of grids corresponding to the initial quotient K in , and C F is defined by g ∈ C F if and only if g ∈ f (K i ) implies that K i is a final quotient. For every grid g = P × R and x ∈ Σ, we can compute η C (g, x) by the formula η C (g, x) = Ki∈P f (x −1 K i ). It may be the case that N C is not equivalent to DFA D. A cover C is called legal if L(N C ) = L(D). To find a minimal NFA of a language L, the method in [6] tests the covers of the quotient-atom matrix of L in the order of increasing size to see if they are legal. The first legal NFA is a minimal one.
When we apply the Kameda-Weiner method [6] to the example in Theorem 7, we get the NFA of Table 26 .
We apply the Kameda-Weiner method [6] to the example in Theorem 7. The quotients in the example are referred to as the integers 0-8, as in Table 23 . The atoms are those in Table 24 relabelled as in Table 25 . The quotient-atom matrix is shown in Table 28 , where the non-blank entries are to be interpreted as 1's and the blank entries as 0's. Table 28 also shows a minimal cover S = (g 0 , g 1 , g 2 , g 3 ) and f (K i ) for each quotient K i of K. Table 28 . Cover C for quotient-atom matrix of D.
g1, g2 g1, g2 g1 g2 {g1, g2} 3 g3 g3 g3 {g3} 4 g0, g3 g3 g0, g3 g0 {g0, g3} ← 5 g0, g2, g3 g2, g3 g0, g3 g0 g2 {g0, g2, g3} 6 g1, g3 g1, g3 g3 g1 {g1, g3} ← 7 g0, g1, g2, g3 g1, g2, g3 g0, g3 g1 g0 g2 {g0, g1, g2, g3} 8 g0, g1, g3 g1, g3 g0, g3 g1 g0 {g0, g1, g3}
The construction of the NFA N min is shown in Table 29 . For each grid g = P × R, we show its set of quotients P , with K i ∈ P replaced by i. For each input x ∈ Σ, we give x −1 P , and then the intersection of the f (K i ) for K i ∈ x −1 P . For example, the set P for g 0 is expressed as {0, 4, 5, 7, 8}, the set of quotients a −1 P of the set P by a is {1, 6, 7}, and η C (g 0 , a) = f (1)∩f (6)∩f (7) = {g 1 } ∩ {g 1 , g 3 } ∩ {g 0 , g 1 , g 2 , g 3 } = {g 1 }. Table 26 shows the constructed NFA N min , where g i 's are replaced by i's. Since N min is equivalent to D, C is a legal cover. However, N min is not atomic, since the right language of state g 2 is not a union of atoms, although it includes atoms A and E as its subsets. The right languages of the other states of N min are sets of atoms:
We believe that NFA's defined by grids are a topic for future research.
Conclusions
We have studied the properties of atomic NFA's. We have shown that atoms play an important role in NFA minimization and proved that it is not enough to search for atomic NFA's only. 
